
- Also , we req u ire

g ( 0 )  = g ’( O )  = 0 (19)

as the bars are at rest initiall y.

It is convenient to introduce the parameter ~- de f ined  as

& ~~~ 
c~~) 

(20)

Equa t ion ( 18) , then , is equivalent to

g” + ~.i.g ’ = (2 1 )
0

By analogy with the solution process used to determine I for the fore-

bod y mode l , we seek the response due to a unit step function force.

Let v be the veloc i ty (g ’) for a unit  step force input; it is gi ven

by the fo l lowing  expression :

— 1 —~~.t (22)
v - — (l — e  )

24
0

S.

The veloc i ty corresponding to an arbi trary force F(t) is , therefore

v ~~g
’ = 

f
F(1 ) ‘( t  -T)d? = 

~~ 
1;e~~ t _T)F( T) dl (23)

The force time h i s to ry  mode l defined in Fi gure 2 is characterized

b y three d i s t i n c t  anal y t ical exp ress ions , one cor respond ing to each

l ine segment.  They are

-ii-’- 
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(F
1 — 

F
0)F( t ) = F

0 
+ — t (0 ~~‘ t ~ t~~) (11)

F (t ) = F
1 

( t 1 ~ t ~ t
2

) (24 )

F ( t )  = F
1 

- _ ( t  - t 2
) ( t

2 ~ t � t~~) (25)

These e x p r e s s i o n s  may be s u b s t i t u t e d  i n t o  ( 2 3 )  to d e t e r m i n e  the  p a r t i c l e

v elocity v. The axial strains , t hen , in bars 1 and 2 are found from

the f o l l o w i n g  e q u a t i o n s :

= g = — 1~ v(t — 
~ 

) (26)
x l  1 ,x c c

= g = _ !  v ( t  —
~~~~~ 

) ( 2 7 )
x2 2 ,x c

2 
c
2

These t h e o r e t i c a l  r e s u l t s  have been app l i ed  to the a f t b o d y ( t h e

- ‘ r t i on o f  ~he penetrator aft of station 8) of the penetrator shown

in Figli r ’ 1. ‘I’he following parameter values have been used in the

I vsi s

— 
= ~~~~ x p s i  E 2 26 . 5 x io 6 ps i

c
1 

= 197 , l 7~a i n/ s e c  c 2 
= 188 , 141 in / s e c

A
1 

= 3.0 in ’ A
2 

= 0.4 in
2

H
0 

= 0 .0415 lb . :;, ’c
2 

= 11 , 871 sec ’

The result s for a semi—infinite aftbod y are*

*The units of velocity used are inches per second .

21)
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v = M i , - ’ ( 1  - , + 2 8 9 . 7  -t  - (I - , t ) j (0 ~~ i ~~t
1

) (28)

v = 2 5 3 3 . 9  + 6 3 8 . 1  ( , = t  
- 6 7 )  (t  t ~ t . ) ( ‘ 9 >

V = ~)
‘)4l,0 + ~~~~ - 

-~~( t  - t 2
) 

- 2 S , 9  ( ~~~ - 
- ( t -  t 2

)

I” 
(t

2 
t (30)

A grap h i cal representation of the str ain in bar I obtained usin g t ,q i;i t i o n s

(28> — (30) appears in Fi gure 5.

As is usua l in wave t r a n s m i s s i o n  a n a l yses  of the present kind ,

baseline information is provided by the semi—infin i’ e model solution

described above and shown in Fi gure 5. The effect of finite penetrat r

l e n g t h  i s  a c c o u n t e d  fo r  b y a p p r o p r i a t e  r e f l e c t i o n  c o n d i t i o n s  i t  t h e

aft end . Superposition of traveling wave solutions is u s e d  t o  satisf y

t he a~ t end boundary condition , thereb y providing an exac t solution

t r  dynamic response consistent with the loading and p e n e t r a t o r  mo h ’ l s ,

A convenient method of treating reflections is described in ft A pp endi x .

Syn opsis of the Method

Our method of anal y sis is sunuiiarized briefl y as follows :

— (1) Define l oa d i n g , forebod y and af t bod y mod e ls;

(2) D - termi no t h e  response of the forebod y and a f t hod y model s

- - is  i f  t h y  ar e  s e m i — i n f i n i t e  in  l e n g t h ;

( 3 )  U se s u p e r p o s i t i o n  of t he  s e m i — i n f i n i t e  t r a v e l i n g  wave solu-

t i ons to  s a t i s f y a p p r o p r i a t e  b o u n d a r y  c o n d i t i o n s  t h a t  ~( t’ r ’spon d

to f i n i t e  pen etrator l e n g t h  -

C o r r e s p o n d i n g  t o  any m o de l  d e f i n i t i o n s , t b ’  r e s p o ns e  is oht a i n ’ t  f r o m

sim p le c [used form expressions and t h e i r  s up e r p o s  I I ion . A~; W I  11 be

- 

2 !
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shown n e x t , this simp l i c i t y  is a l so  accompanie - ’ i  b y e x c e l l e n t  a g r e e m e n t

w i t h  a v a i l a b l e  e x p e r i m e n t a l  d a t a  on r e sp o n s e  of t h e  p r i m a r y  s t r u c t u r e .

RESULTS AND D I S C U S S I O N

Preliminary Remarks

From the outset , our primary concern has been predic ting the r ’sp ons ’

0 1  the load carry ing structural elements by s i m p le means. Simp l i c i ty

and ease o~ app l i c a t i o n  have  c e r t a i n ly been a c h i e v ’ a .  We now show t h a t

our approach also provides excellent quantitative predictions for strains

and  a c c e l e r a t i o n s .

In  the f o l l owi ng , strain and accelerat ion pre dictions a r -  discussed

separat el y, as are the response of the penetrator main bod y outer shell

and the internal structure. This way of categorizing the results is

both convenient and usefu l in judging the validity of the modeling

assumptions.

The anal ytical results presented are directl y comparable to the

experimental ones that ar’ given in Reference 3. While ai r intent is

— not to  provide an exhaustive correlation stud y, repr e sentative exp ’ri-

— mental data are presented on the same fi gures with theoretical predictions

in several instanc -s. These selected benchmarks are sufficient to

ii l ist rat - the genera ll y f i n -  degree of agreement betw~-en theory and

experiment that has been achieved.

Outer Shell Strain Predictions

Axial strains have been measured at tour locations or> the exterior

of the penetrat or main body outer shells during the two tests .
3 

Station 4,

- - - 
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the c, ’~.t  t e r w a r d  loc.i t I n , i S the o il y S I  t o  on t b p - r i ’ t  r a t r f r - h o d ’ .’ -

I he ’ r ’ma i n  i rig si t - 5  ar ’ s t . i t  i r i s  9 , 1° - 5 and 27 , on t h ,  i t  t h

ihi ’o r. ’ t ic al a x i a l  ~- tr a i n tim e h i — t o r i ’s determined by - ‘o r , iri , ilvsi~

mt-th ud I i  t h e s e  locat i o n s a pp e a r  i n  Figure~ h— ~~

l b . ’ s t r a i n  gages  a t  s t a ti o n  a r ’  w i p e d  - t i  l u  in ig i : - - pon .’tr i t  I

o t  t h e  t a r g e t . C o n s & - q i i t ’ i r t l v , o n l y s h o r t — t i m e  d a t a  . i v - i i  i ’ I. ’ - I n

t h i s  c a s e , o n l y t he  f o r c e  r e p r e ’s ’n t . ’l t i i n i  i n  Equ a t i on (11 ) u - . -  b. ~ . r i

sid e -red , Fr om a study at Figure 1 , it is t o  be - x p ’ ’ c t . - t t ‘- - i t  r e . 1  t ‘us

oh t h e  p r i m a r y  stress wave will be produced  at s t a t  i . ’n ‘~ ~r - - r , .fr , - : i i  lam

ballast p lug ends. Station 8 behaves approximatel y as a hr .’ .’ .-n : I -

the lorebod y , while the buried portion of t h e  p en et  r a t  or  nose ca t . h.

c o n s i d e r e d  f i x e d .  As a consequence of these doubl e r i f l e c t r o n s , to . -

experimental data in Fi gure 6 exhibits two noticeable pa u se ’s  in t h e

otherwise monotonic trend. The theor etical predict ion is for a semi—

i n f i n i t e  for -bod y , so the pauses do not occur in that curve , Cl earl y,

t h e r e  is t x c e  I l e n t  a g r e e m e n t  o t l i ’ r w i  so , a n d  i t  is a p p a r e n t  t h a t  the

first passage semi—infini te pr ediction is a conservative desi gn esti—

mat ’ -

R e sp o n s e  a t  st ;tion - .  has  b ’ ’  11 St  un ti e d - ‘xtensive l y. The theoret-

i ca l results present i n  F t ’ u r , ’  6 a c c o u n t  f o r  t h e  mass  M ( E q u a t i o n

(7)). Another s o l u t  ion  b a — a - d  upon  E qri at i ons  ( M ) and ( 1 3 )  is in c l o s e

a gr e e m e n t .  A t t e m p t s  to  a c c o u n t  for the double re fle ction pauses have

met with reasonabl e success -ilso . For br evity, onl y the one prediction

is ‘~lo,wn -

t h e ’  s I  r a i n  ~~red ct i o n s  a t  s t a t i o n s  9 , 14 .5 and 27.3 i n  Fi  g i r t ’ s

7—9 have all b - - r u  obtained from the semi—infinit e - aftbodv mode l r e sp o n s e

-- -
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- h , ’ ’~’n iii F i gu re 5 .  I fu ’  a f t  - n d  at  ~l ie ’  u ’ i t e r  shi l l  - i t  s t - u t  j on  32 , - i i a v ~ s

es-s e n t  i a l  I v  ~I S  0 f r ’ ’ ’  i - n d .  ( ‘ o n s e - q u & - n t  l v , a r ’ l i - (  wave s gen . ’ r a t ’ - . i

w i t  u h i  i s  1 - p i us i to i n  s ig n  ( • - u s  i I c )  to  t i r e  m t  i — I - r n  ( - o m p r ’ s  - , v - ) ‘~ -

a s i m p le  ~ r a p h i c o l  a pp r o a c h  ~~~~ ‘ s ip ’ ’ r  im p o s i n g  h -  e f f e c t s  o f  i b - ~~’

\Q t ’ , ’ - ’ i s  g i v - - t u  i n  t i u -  App ’ r i i l x .  The a r r i v a l u~ t h e  r e i n - h  w : i v ’ - it ’ ’~~ch

s t a t i n i s  e a s i l y  i d e n t i f i e d  i n  t h e  f i ~ -, u r e ’ s .

‘l i i , - p r e d i c t i on  fo r  station 19.5 is compart - d w i t h  e x p e r i m e n t a l  d a t a

~~> F i g u r e  ~ - N o t e  t h a t  a s h i f t  to  t ia  l e f t  of  25  m i c r o s e c o n d s  in  t h e

f t h e o r e t i c a l  c u r v e  w o u l d  produce nearl y perfect agreement between ? t i e or y

and  experiment. The time scale of the experimental data is onl y accurat .-

t i  within this time increment.
3 

Alt hough no effort has been made to

adjust the time ori gin for improved agreement , this particular case

is consp icuous in that a shift produces striking agreement.

Strain Prediction s For Internal Structure

The pay load she l l  or l i ne r is the pr i mary load carry ing element

in the interior of the penetrator. The shell is not continuous , but

segmented in a modular fashion . The segments are threaded at the ends

w i th the joi nt s r e in fo rced  by r ings .’ It is to be expected , therefor e ,

that variability in these mechanical joints makes the precise nature

of  the  load t r a n s m i s s i o n  p a t h  i n d et e r m i nan t  in p r a c t i c e .

Our a f t b o d y mode l is based upon continuity of the pay load shell;

t h e’ joints and small reinforcing rings are totall y ignored . The re are

two very larg e titanium rings ’ located at stations 23.25 and 31.25

(F i g ure 1) w h i c h  cann ot be igno red , however.

The two t i t a n i u m  r ings  have been modeled as concentrated masses

a t t ached  to the pay load s h e l l .  The add i t ion  of a c o n c e n t r a t e d  mas--

29
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to an elastic bar is analyzed in detail in Re ference 5. Initiall y,

the concentrated mass produces a reflection of the incident stress wave

as if the mass is a fixed end; the reflection decays exponentiall y wi th

t ime thereafter. Simultaneousl y, the stress wave transmitted beyond

the mass builds up exponentiall y unt il the ori ginal incident stress

level is reached. For stations forward of the first ring, it is con-

servative to assume that a fixed end reflection occurs.

Axial strain data has been obtained at two stations on the inside

of the pay load she l l , sta tions 9 and 19.5 , forward of the first titanium

ring. The theoretical pr edic t ions shown in Fi gures 10 and 11 are based

upon the assumption of a fixed end at the first ring . The station 9

predic t ion , although sli ghtl y conserva tive , agrees very well with the

experimental data from Re ference 3. In Figure 11 , represen tative ex-

perimen tal data is also presented for station 19.5; note that the pre-

dic t ion indica tes a more rap id strain build—up than the measured data

(a conserva t ive trend ) , although the peak str ain val ues are in good

agreement.

S. Ax ia l  s t r a in  has been measured also at s tat ion 3 1 . 5  on the inside

S. of  the pay load shell . This location is aft of both large t i tanium

r i n g s .  The measured s t ra in  is much smaller in magnitude than the others

and opposi te  in si gn ( t e n s i l e ) 3 . Our modeling approach to these rings

would suggest that the s t r a i n  at th i s  locat ion is e s sen t i a l l y zero in

the t ime  period of i n t e r e s t ;  consequentl y ,  there is no predic ted  time

h i s t o r y  i n c l u d e d .

I n a d d i t i o n  to the pay load shel l , s t r a in  gages were mounted on

the f l e x i b l e  pot t ing ma te r i a l  at Stat ion 16.  Our af tbod y mode l does

30

— -  —- r - —



1000 —

TIME (SEC. ~ 106)

100 200 300 400 500

I I

—1000 —

--2000 —

CD
0

K

2

---3000 —

2
4

U)

4000 —

--5000 —

— -6000 -—

-7000 —

Fi gure tO .  Ax i a l  S t r a i n  at S t a t i o n  9 — Inner Pay load Shell

— 

3) 

~~~~~~~~~~~~~~~~~~~~~~ 
-~~~~‘~ 

‘• ‘ -
~~~-‘•~

.
~

. - ‘~ - .• ~~~~~~ 
- 

‘



1000 — PRESENT THEORY

- — — — D A TA , TEST 1, GAGE S— b A
TIME (SEC. x

~~ 100 200 300 400 500

— I I

1 ooo — 

\
\

\

\

\ 

r5 2000— ~0 ~ ‘S\ 5
’x

~ 3000 —

I.- IU)

\
\

‘I
—

— I
- 5000 — -

•

\— 

5’

6000 —

7000 —

I” Lg nu r - - II. A x i a l  St l i i i  i t  ‘~~r , e t  i i f l  1 9 . 5  Inne r }‘, * v l ’ , iI s’ Ii - f  I

~~1

’ 

~~~ - 

- --- —- 

-I

,



I t  a~
- o i n i t  f o r  any  c o n t r i b u t i o n i  by t h e  p o t t i n g  t o  s t r u c t r i t  a !  s t i f f n e s s

as  ii i s  q u i t -  s m a l l .  The a x i a l  s t r a i n  in t he  p o t t i n g  can be e s t i m a te d ,

, w - - v e r  , if strain compatibilit y with the pay load shell is assumed.

T h i s  a p o r - o x t i n a t i o n  results in a p o t t i n g  a x i a l  s t r a i n  i t  S t a t i o n  16 th a t

i s  .-ssen t i a ll y ide tit ic ui l t o  t h a t  i n  the  pa y l o a d  s h e l l  a t  s t a t i o n  1-c . 5

w i t h  ,i s l i g h t  s h i f t  of the  t i m e  a x i s ;  t h e  same p r e d i c t i o n  c u r v e  s u t f i c e ’ s ,

t i i e - r e I o r ~~. T h i s  is  in good a g r e e m e n t  w i t h  t h e  e x p e r i m e n t a l  r e s u l t s

g i v e n  in R e f e r e n c e  3.

Hoop Strain Predictions

A l l  hoop s t r a i n s  c o r re  pond to  s i m p le  P o i s s o n  e xp a n s i o n  on l y accord-

in g  t i  our simp le bar—like nodels. Consequ -n t l y, separate r.- suit ’; t - r

t h e  hoop s t r a i n s  are not  p r e s e n t e d .  Th i s  s imp le u n i a x i a l  s t r e s s  s t at e

i s  a good a p p r o x i m a t i o n  over most  of the  p en e t r a t o r . 3 I t ca nn ot be

app l i e d  at  S t a t i o n  4 , however , where  t h r e e — d i m e n s i o n a l  e f f e c t s  due to

l ose encapsulation obviousl y occur; prediction of these effects is

Lie -,’u uid the scope of our approach.

A c c e ’ l ’ - r , i t  i on  P r e d i c t i o n s

rwo a c c e -  Ie -r o m e - t ‘ i s  w er e  mounted on p r i m a r y  l o a d  c a r r y i n g  s t r u i c t u n r ’

i t i e -  Av t o t i n t s , on. ’ f u r  w,- e rd at  S t a t  i on  7 and  one a f t  a t  s t a t  i on

32 1 . A c c e - l e - r a t i o n  p r e d i c t i o n s  f o r  these ’ 1 ,icat i o n s  a r e -  p r e - s e - n t e - d  i n

F n g in  r & s  12 and  13 , re -s p e c  L i v e l y . lii i ’s . ’ prediction s have bee-n det ermi ned

using the aftbod y model.

A l s o  shown in  E’ i g u n ’  13 is data t rum Ref c- r e -nc. - 3 f o r  compar i son ,

The t r e n d s  c o r r e spond q u i t e  we -i l , but a h i gh f r e - q u e n c y  o s c i l l a t i o n  i n

• th e e-  t e s t  dat a i s  10 pred i c t  e d  b y our  a n a l y s i s  -

I i
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CONC L US I ON S AN !) RE C O M M I~NDAT IONS

ti , ’ w i n k  pre s.’n ted here - is a p ionue-&- ring ef l tnt to develop -c s i m p le  -

ri -liable preliminary desi gn anal ysis method f o r  n o r m a l i m p a c t  o~ e a r r h

- ‘net~~,u~~ors . In ,- r - l d i t i o n , the method has l i - -n app li .’c to p u - h i c t  L i i i ’

‘utcome of actual impact/penetration tests , The results obtai n ed I- ,r

this particular application are in excellent agreement with available

experimental data asiociated with locations on the prima ry load carry ing

structure of the penetrators tested. We conclude , there foru ’ , that the -

objectives stated in the introduction have been met. W~ believe that

t he approach is basicall y sound and that the evidence supporting this

conc lusi on , although limited to only one penetrator confi guration , is

never—the—less convincing .

The method , al though usef u l as far  as it goes , is still not yet

bey ond the embryon ic  stage . Addi t ional  work need s to be do ne , and

several questions remain unanswered. The following items are examp les

of areas that require attention :

(I) Exp lore al ternatives to the fixed center of force approach
— which better describe the dynamic encapsulation of the pene--

trator by the target material;

(2) Study the limi tations on the app licabili ty of the one—dimen-
sional models ; (e.g., how slende r mu ;t the penetrator be for
the bar-like models to be valid?)

(3)  Dev e lop si mp le loading predic tion methods which do not requ i re
large—scale numerical calculations or which are not emp i r i ca l
in n a t u r e .  These methods should be in the same sp i r i t  as
the present  penetrator  response anal ys i s ;

( 4 )  V e r i f y the v a l i d i t y  of the method for penetrators which d i f f e r
substantiall y in configuration from the ones considered here ;

_  
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( 5 )  R e f i n e  the  f o reb o d y m ode l  to a c c o u n t  fo r  second o rde r  e f f e c t s
of  t a p e r ;

( 6 )  Deve lop  s i - - p ar  mode ls  and an a n a l y s i s  method  t h a t  app l i e s
t o  n o n — n o r m a l i m p a c t  e v e n t s ;

( 7 )  D e v e l o p  s o l u t i o n s  v a l i d  f o r  l o n g — t i m e  r e s p o n s e  and m a t c h  them
t o  the  short—term wave anal ysis.

The above l i s t i n g  o r d e r  doe-s  no t  i m p l y an orde r of p r i o r i t y .  S u c c e s s f u l

accom p l i s h m e n t  of t he se  t a s k s  w i l l  i n s u r e  t h a t  t he  d e s i r e d  des i gn a n a l y s i s

c a p a b i l i t y  w i l l  he e f f e c t i v e  and a c c e p t e d  by p e n e t r a t o r  ana l y s t s  and

des i gn e r s .
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A P P E N D I X

A Simp le G r a p h i c a l  Approach f o r  Wave R e f l e c t i o n  A n a l y s i s

As i n d i c a t e d  in  the  d i s c u s s i o n  of t he  a f t b o d y mode l , baseline

i n f o r m a t i o n  f o r  a wave t r a n s m i s s i o n  a n a l y s i s  is p r o v i d e d  by a s e m i —

i n f i n i t e -  mode l  solution as shown in Fi gure  5.  The e f f e c t  of f i n i t e

p e ne t ra t o r  l e n g t h  is  accounted for by appropriate reflection conditions.

For c l a r i t y ,  we w i l l  o u t l i n e  th~ approach used to satisf y free end

c o n d i t i o n s  at t h e  a f t  end of the  m a i n  bod y o u t e r  s h e l l .

At  a f r e e  c -nd , the  a x i a l  s t r e s s , and hence  the  a x i a l  s t r a i n , is

z e r o  fo r  a l l  t i m e . T h i s  c o n d i t i o n  is s a t i s f i e d  i f  a wave of o p p o s i t e

si gn b u t  same g e o m e tr i c  form as the  incident wave travels in the opposite

d i r e c t i o n  in the b a r ;  the  ir c i d e n t  semi—infinite model wave and the

“ r e f l e c t e d ” wave of o p p o s i t e  si gn mus t  be t imed  such t h a t  the  sum of

the axial strains due to bo th  waves is a l w a y s  zero  at t he  end p o i n t .

The strain distribution within the penetrator at any time prior to the

time that the reflected wave reaches the forward end is the sum of the

— uo ntrib ut io n s due to the two waves.

This  superpos i t io n i s e a s i l y accomp l i shed  grap h i c a l l y as follows .

For a given location on the penetrator , the arrival time s for the in -

-- c i d e n t  s e m i — i n f i n i t e  s o l u t i o n  strain wave and the free end reflected

wave of o p p o s i t e  si gn are d e t e r m i n e d  fo r  the wave speed of the material.

Between these  two times , the solution is the same form as the semi—

i n f i n i t e  s o l u t i o n  w i t h  ori gin at the former time . For times after the

l a t t e r  a r r i v a l t ime , a p p r o p r i a t e  increments must be subtracted from

Ii
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i i i t h e  o p p o s i t e - it r e t  iou ; the or i g in of the  r u - f l  i c  r.’d w a v e  i s  th .-

1 a t  t - r ar r I va  1 t i mi- . I t -  i s  su p .- rpos i t ion is e’a s i 1 y accom p l i s h e d  w i t  hr

iii. - a i d  ‘ f  a 1 i u ’ t i t  t a b l e , co~~~
.- s of the s e m i— t n f i n i t e ’  i n c i d e n t  w i v ’

- i - - t i l t - , - m i  i h i v i d e - r s ,  The r e s u l t i n g  p r o f i l e  f i r  a p a r t i c u l a r  s t a t i o n
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